We determine the exact values of the circular chromatic index of the Goldberg snarks, and of a related family, the twisted Goldberg snarks.
Introduction
All graphs in this paper are finite and simple. Let G be a graph and r > 2. For every a ∈ [0, r), let |a| r = min{|a|, r − |a|}. An edge r-circular colouring, or an edge r-colouring for short, of G is a function c : E(G) → [0, r) such that for any two adjacent edges e and e , |c(e) − c(e )| r 1. If G admits an edge r-colouring, then G is edge r-colourable. The circular chromatic index of G is defined by χ c (G) = inf{r ∈ R | G is edge r-colourable}.
It is well-known, see [7] for example, that for every finite graph G, the infimum in (1) is attained, and that χ c (G) is rational. It is also known that for every graph G, χ (G) = χ c (G) , where χ (G) is the chromatic index of G. Hence, by Vizing's theorem, ∆(G) χ c (G) ∆(G) + 1. It is proved in [1] that if G is a bridgeless cubic graph then
The upper bound is attained by the Petersen graph [7] . No bridgeless cubic graph other than the Petersen graph with the circular chromatic index greater is known. In [5] it is proved that every bridgeless cubic graph with girth at least 14 has circular chromatic index at most 3 + . The circular chromatic index of special classes of graphs has been of interest. For example the circular chromatic index of the flower snarks is studied in [2] . In this paper we study the circular chromatic index of the Goldberg snarks defined in [3] , and of a closely related family of snarks, the twisted Goldberg snarks.
For every odd k 3, the Goldberg snark G k is defined as follows:
, and adjacencies are defined as shown in Figure 1 . The superscript t is always considered modulo k.
For every odd k, we define the twisted Goldberg snark T G k from G k by replacing the edges v It is proved in [6] 
for every odd k 3. We give here the exact values of χ c (G k ):
For k = 3, the proof relies on a computer search.
In this section we prove that for odd k
is a lower bound for the circular chromatic index of the graphs G k and T G k . We then show that this bound is tight when k 5. Throughout this section, k 3 is odd and r = 3+ε for some ε < For any a, b ∈ [0, r), the r-circular interval [a, b] r is defined as follows:
For this notation, it is convenient sometimes to allow a or b to be outside the interval [0, r). In that case we reduce a and b modulo r.
An easy observation used in the following proofs is that given r < 4, and any r-colouring c of a cubic graph G, c can be rounded down to a proper edge 3-colouring around each vertex. Namely, let e, e , e be the edges incident with a vertex x. Then one of |c(e) − c(e )| r and |c(e) − c(e )| r is in the interval [1, 1 + ε] and the other is in the interval [2, 2 + ε], where ε = r − 3. By repeatedly applying this observation, we see if e is an edge of G at distance d from the edge e, then c(e ) ∈ c(e) + [a, a + dε] where d a 2d is an integer.
For every 1 t k, we denote the edges v of the Goldberg snark G k , by e t and f t respectively.
Lemma 2 Let c be an edge r-colouring of G k . Then for every 1 t k we have |c(e shows all possible colourings of the tth "block" of G k . The circular intervals on the edges indicate possible values for the colour of that edge. 2
In light of the above lemma, given an edge r-colouring c of G k , we say the pair (e t , fPROOF. This proof is based on the cases presented in Figure 2 . We may assume that in each picture, the two half-edges on the left are e t and f t and the two half-edges on the right are e t+1 and f t+1 . Moreover, we may assume that c(e t ) = 0.
If (e t , f t ) is of type A, then one of the cases 1, 3 or 5 in Figure 2 holds. In cases 1 and 3, (e t+1 , f t+1 ) is always of type B. In case 5, if c(e t+1 ) ∈ [2, 2 + ε] r the conclusion holds. On the other hand if c(e t+1 ) ∈ [2 + ε, 2 + 2ε] r , then it is easily deduced that c(f t+1 ) must be in [−ε, ε] r , thus the conclusion still holds.
A similar argument shows that if (e t , f t ) is of type B (cases 2, 4, and 6 in Figure 2 ), then (e t+1 , f t+1 ) is of type A. Note that in these cases, the intervals given for c(e t+1 ) and c(f t+1 ) contain points with distance more than 2ε. Thus one needs to prove those choices for the colours of e t+1 and f t+1 cannot occur simultaneously. 2
. PROOF. Let c be an edge r-colouring of G k for some r < 3 + . Applying Lemma 3 to c with t = 1, . . . , k, we conclude that (e 1 , f 1 ) must be both of type A and type B. This contradicts Lemma 2, thus χ c (G k ) 3 + . 2 . An edge 13 4 -colouring of G 7 is given in Figure 3 . Note that the two blocks in the shaded area can be deleted to obtain an edge 13 4 -colouring of G 5 . For any odd k 9, the two blocks in the shaded area can be repeated
times to obtain an edge 13 4 -colouring of G k .
Note that the proof of Corollary 4 can be applied to the twisted Goldberg snarks
for all odd k. On the other hand, for all odd k 5, the colouring of G k given in the proof of Theorem 5 assigns the same colour to the edges e 1 and f 1 . Hence, "twisting" the edges e 1 and f 1 results in a proper edge r-colouring. 2
3 The graphs G 3 and T G 3
In this section we study the circular chromatic index of the graphs G 3 and T G 3 . An edge On the other hand, an exhaustive computer search shows that every edge 10 3 -colouring c of G 3 has a tight cycle. Namely there exists a cycle C = e 1 e 2 · · · e m e 1 in the line graph of G 3 such that c(e i+1 ) = c(e i ) + 1 for all i = 1, 2, . . . , m (e m+1 = e 1 ). It is well-known, see for example [7, Lemma 1.2] , that:
Lemma 6 If a graph G is edge r-colourable and every edge r-colouring of G has a tight cycle then χ c (G) = r. Therefore, the above computer experiment proves that χ c (G 3 ) = 3 + . A similar computer search shows that χ c (T G 3 ) = 3 + .
Technically, the graphs G 3 and T G 3 are not snarks, since they both have triangles. One may get rid of triangles in a cubic graph by contracting each triangle to a single vertex. It is well-known that this operation preserves the chromatic index of a cubic graph. On the other hand, the circular chromatic index may change. For example the flower snark F 3 has χ c (F 3 ) = 3 + , but contracting its triangle yields the Petersen graph P with χ c (P ) = 3 + . One easily sees that contracting a triangle in a cubic graph can never decrease the circular chromatic index. 
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